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ABSTRACT 
Recently, sustainability has become a very important research area in transportation because of 
the dependencies between transportation, economic, and environmental systems. A great deal of 
research is being conducted regarding various aspects in order to try to understand these 
interdependencies. However, still there is a need to capture the behavior of such systems over 
time. This study attempts to build dynamic models to capture the interdependent behavior of 
transportation, economic, and environmental systems. The research is motivated by the well-
known predator-prey models developed by renowned researchers Lotka and Volterra. Non-linear 
modeling techniques were utilized to capture the nominal behavior of all the three systems. The 
results indicated periodic behavior with a phase lag for the performance of transportation and the 
activity system; the performance of environment system decayed with time. The proposed 
modeling approach is expected to be helpful to other researchers in enhancing non-linear models 
for better analysis of sustainable systems.  
 
Keywords: sustainability, dynamical systems, interconnected networks, non-linear modeling, 
predator-prey, transportation system, activity system, environmental system. 
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1. INTRODUCTION 
In the recent years, sustainability has become a very important research area in the field of 
transportation. Many studies have focused on understanding the design and analysis of 
sustainable transportation systems (Cascetta 2008; Manheim 1979).  Issues that have been 
discussed include the formulations, analysis, design, and computation of solutions to such 
problems through the use of appropriate policies, ranging from tolls and tradable pollution 
permits (Nagurney 2000).  
 Sustainability of supply chains has emerged as a major theme in both research and 
practice, since the impacts of climate change have made both producers and consumers more 
cognizant of their decision-making and how their decisions affect the environment. The study of 
sustainability and supply chains helps understand how business integrates in context with the 
environment (Linton et al. 2007). Marale (2012) discussed the dimensions of human life and its 
linkages with the external environment for sustainable development. In addition, he proposed 
practical tools to solve global environmental problems. Chiabai et al. (2012) discussed the use of 
stated preference techniques to evaluate the importance of information and communication 
technology for environmental sustainability in key sectors (climate change, natural resources, 
energy, and biodiversity).  
 Nguyen and Coowanitwong (2011) discussed the application of strategic environmental 
assessment tools for sustainable air quality policies. Their study was robust and helped to 
integrate the environmental aspects into decision making process. In addition, environmental 
performance can be looked upon as a source of reputational, competitive, and financial 
advantage among businesses (Miles and Covin 2000). It is evident that customers and suppliers 
will punish polluters that violate environmental rules; this is known as a reputational penalty 
(Klein and Leffler 1981; Klassen and McLaughlin 1996). These studies have identified the 
environment as a major factor in identifying the performance of any sustainable system. 
 The concept of sustainability in itself is a broad topic, comprising many dimensions and 
systems. A system of systems (SOS) approach was used by researchers to study the inter-
relationships and dependencies between multiple systems (Churchman 1968; DeLaurentis 2005; 
Parker 2010). The interactions among these systems were evident in economic cycles over time. 
The concept of economic cycles, also referred to as business cycles, is a theory that attempts to 
explain changes in economic activity that vary from long-term growth trends. For example, 
efforts have been made to understand the relationship between the transportation service index 
(TSI) and the economy (Young et al. 2007). The results from that study suggested that the freight 
component of the TSI showed a strong leading relationship to the economy. Using dynamic 
factor models, another study analyzed the business cycle features of the transportation sector 
(Lahiri and Yao 2004). The results indicated that the transportation cycles peak ahead of the 
economic cycles. A one-to-one correspondence between cycles in the transportation sector and 
the aggregate economy has been identified (Lahiri and Yao 2006). In addition, the effects of 
vehicle miles traveled (VMT) on resource consumption also were studied (Genier 2008).  
 Several indicators involving the transportation system (TS), activity system (AS), and 
environmental system (ES) have been developed by a variety of researchers (Zheng et al. 2011; 
Bell and Morse 1999; Bossel 2001; Paz et al. 2013). The indicators provided a necessary tool to 
understand such systems. The System Dynamics (SD) approach has been useful in understanding 
the interactions by considering multiple variables and parameters. In order to understand and 
model the dynamics of transportation system performance, researchers have used the SD 
approach based on cause-and-effect analysis and feedback loop structures (Wang et al. 2008). In 
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addition, the SD approach was used to analyze the relationship between transportation and land 
use (Haghani et al. 2003).  
 However, there is a difference between SD and dynamical systems. SD is primarily 
focused on the dynamics of system behavior, while dynamical systems study the dynamics of its 
parts (Ogata 1998). For example, in the context of our problem, the three elements are TS, AS, 
and ES. Since the behavior of a system is different from the behavior of its elements, the SD and 
dynamical systems each have a different purpose (Higgins 2002). Also, SD is based on causal 
loop diagrams (a logic-based description) as opposed to dynamical systems, based on differential 
equations. 
 Recently, efforts have made to establish the performance indices based on performance 
measures (Paz et al. 2013). The research tried to understand the interactions by using fuzzy logic 
techniques to combine multiple performance indices. The results showed that the transportation 
system performance index (TSPI) and the activity system performance index (ASPI) followed an 
increasing trend over time, while the environmental system performance index (ESPI) followed a 
decreasing trend. This had been verified by the growth pattern, with changes in economy and 
environment. The study was robust, and explained the static nature of the problem. In contrast, 
the interactions among these systems were dynamic in nature and varied with time.  
 Based on the cited literature and knowledge of the authors, numerous studies have been 
conducted regarding the principles and applications of dynamical systems in multiple disciplines, 
including mechanics, thermodynamics, population ecology, epidemics, economic, and 
population genetics (Luenberger 1979). In dynamical systems, the present output depends on the 
past input; the output changes with time if it is not in a state of equilibrium (Ljung and Glad 
1994).  Such dynamical systems currently are being used in evolutionary games (Sandholm 
2005; Sandholm 2011), ecological predator-prey networks (Nagurney and Nagurney 2011; 
Nagurney and Nagurney 2012), and energy policy modeling frameworks (Woolley et al. 2009). 
The theory of dynamical systems also is being utilized in neuroscience to model the brain, and is 
being applied to robotics (Girard et al. 2008). Simple deterministic models capture the essence of 
the epidemic process, and provide a solid starting point for analysis (Kermack and McKendrick 
1927).  
 These models improve the general understanding of the behavior of systems, and help 
make better design and policy decisions at an aggregate level. Hence, it is vital to use a suitable 
modeling approach that captures the dynamic interactions within the SOS. A method of system 
of ordinary differential equations is chosen to model the aggregated variables of sustainability 
and their interdependencies over time. There are many other methods available for modeling of 
dynamical systems. For instance, we could choose finite state machines, petri nets, cellular 
automata, partial differential equations etc. or we could also chose stochastic versions of these 
such as stochastic differential equations, markov chains etc. Generally, the researchers choose 
the appropriate methodology to suit their goals and tasks and also the availability of tools in that 
methodology. A cellular automaton is also one of such techniques which have been used 
successfully for modeling many dynamical systems. Generally speaking, cellular automata is 
used where the system is divided spatially into cells and then the cell properties change based on 
the dynamics involving interactions between the neighboring cells. It is definitely possible to 
model sustainability on a geographic area by dividing the space into cells and then apply the 
cellular automata methodology. As compared to cellular automata modeling and its 
corresponding simulation, we have chosen our modeling paradigm because it allows 
mathematical tractability and analysis from a quantitative point of view. However, it would be a 
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great contribution to literature if we develop cellular automata based model for sustainability and 
also study its mathematical and analytical properties. We hope to pursue this in the future, where 
it might also be possible to integrate the two techniques. 

 Therefore, in this study, the dynamic interactions were developed, because they have not 
been well-defined and analyzed in the existing literature. The primary reason behind the SOS 
approach is to gain insight into the behavior and modeling of such systems. With this as the 
motivation, the overall objective of the proposed research is to build dynamic models of 
performance indices that help to understand the behavior of interdependent systems.  
 The paper is organized as follows. Section 2 discusses the data used in this study, and 
Section 3 describes the methodology. The results and analysis are summarized in Section 4. 
Section 5 discusses the concept of interconnected networks required for decomposition of large 
scale dynamical systems. Section 6 provides conclusions and recommendations. 

 
2. DATA 
The current research incorporates data from the continental United States. The major data set 
consists of the yearly performance measures ranging from 1990-2010, 21 years in total (Paz et al. 
2013). The TS includes the following performance measures: VMT/lane mile, Personal Spending 
on Transportation, and TSI. The AS includes the following performance measures: GDP/capita, 
Education Index, and Life Expectancy. The ES includes the following performance measures: 
Air Pollution, Water Pollution, Energy Consumption, and Carbon-Dioxide Emissions. The data 
for this research is obtained from such organizations as The World Bank, the United Nations, the 
Bureau of Transportation Statistics, and the U. S. Environmental Protection Agency. Fuzzy logic 
provides a simple and efficient way to arrive at a definite conclusion based upon vague, 
ambiguous, imprecise, noisy, or missing input information. The multiple performance measures 
are combined using fuzzy logic to obtain the corresponding Performance Indices (PIs). For 
example, performance measures such as fuel consumption, carbon dioxide emissions, air 
pollutants, water pollutants etc. are combined to obtain ESPI. Similarly, relevant performance 
measures are combined to obtain the TSPI and ASPI respectively. The PIs are calculated 
independently for each of the three systems. The following three steps are used to calculate the 
corresponding PI: (a) an inference step, (b) an aggregation step, and (c) a defuzzification step. 
The reliability of these PIs is verified using the existing trend for the corresponding performance 
measures. They follow similar patterns with the periods of growth due to economic boom and 
downturn as a result of political uncertainties, recession, and financial crisis during the past two 
decades.  

The performance measures were chosen based on thorough literature review that takes 
into account all the dimensions of Transportation, Economic, Environmental and Social systems 
prevalent within the society. In fact, the framework to compute PIs is modular and can 
incorporate more performance measures depending on spatial and geographical scenarios. With 
the increase in number of performance measures, the PIs will definitely change but the overall 
trend of the all the PIs remains similar. 

 
3. METHODOLOGY 
In this section, a brief description of Lotka-Volterra equations is presented first, followed by a 
description of the modeling approach used in this study. Lastly, the equilibrium points and phase 
plots obtained through modeling are discussed. 
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3.1 Theoretical Background on Lotka-Volterra Equations 
The predator-prey equation was developed independently by Alfred Lotka (Lotka 1920) and Vito 
Volterra (Volterra 1931), and is often called the Lotka-Volterra model. The equations are a pair 
of first-order, non-linear differential equations; they cannot be separated from each other and 
cannot be solved in closed form. They are primarily used to describe the dynamics of biological 
systems in which two species interact.  
 The application of predator-prey equations has been documented in various fields, 
including ecology (Ricklefs 2001), biology (Elton 1924; Strogatz 1995; 1994), psychology 
(Nowak and Vallacher 1998), sociology (Felmlee and Greenberg 1999), and epidemiology 
(Brauer and Chavez 2001). One of the most famous examples of such interactions is illustrated 
by the Canada lynx and snowshoe hare in Canadian forest (Ricklefs 2001). Other studies showed 
the fluctuations of lynx and hare populations across Canada (Elton 1924; Hofbauer and Sigmund 
1998). Also examined is the predator-prey model for the dynamics of ‘love affairs’ between 
different species (Strogatz 1995; 1994; Felmlee and Greenberg 1999).  Brauer and Chavez 
(2001) presented multiple illustrations about mathematical models in population biology and 
epidemiology. However, less emphasis has been given to the use of predator-prey equations 
when multiple species are considered. 
 The simplest models of population dynamics reveal the delicate balance that exists in 
almost all ecological systems. The earliest predator-prey model was based on sound 
mathematical principles while making a number of assumptions about the environment and the 
evolution of predator and prey populations. The underlying assumptions of the predator-prey 
model are:  

(1) The predator population is totally dependent on the prey species as its only food supply,  
(2) The prey population has an unlimited food supply, and there is no threat to its growth 

other than the specific predator,  
(3) The rate of change of population is proportional to its size, and  
(4) The environment does not change in favor of one species.  

In general, a two species i.e. predator (P) and prey (V), equations are defined as:  
 
Prey model:         𝑑𝑉 

𝑑𝑡
= 𝑏𝑉 − 𝑎𝑉𝑃          (1) 

 
Predator model:   𝑑𝑃 

𝑑𝑡
= 𝑐𝑎𝑉𝑃 − 𝑑𝑃          (2)             

 
In Equation 1, V is the prey population whose growth is exponential in the absence of predators, 
with a rate b. The predation rate is a constant denoted by a. The predation rate is defined as a 
fraction of the prey population eaten per predator. In Equation 2, P is the predator population and 
it decreases with the absence of prey. The constant d is defined as predator mortality rate. The 
constant c indicates the conversion efficiency. 
 As mentioned above, one main assumption in the Lotka-Volterra model includes the 
dependence of prey on its food supply, i.e. the prey supply is unlimited. Therefore, this 
assumption is relaxed such that the prey population cannot grow indefinitely. As a result, 
modifications to the existing model are required. Replacing the Lotka-Volterra model’s 
exponential growth of the prey population by logistic growth with a carrying capacity K yields 
the model as shown in Equation 3. 
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Modified prey model:   𝑑𝑉 
𝑑𝑡

= 𝑏𝑉 �1 − 𝑉
𝐾
� − 𝑎𝑉𝑃              (3)  

 
3.2 Mathematical Modeling 
This research seeks to apply the concepts from aforementioned models in the context of 
sustainability of TS, AS and ES. The proposed model bears a similar resemblance to the classic 
predator prey equation; albeit a more sophisticated and advanced approach to study the 
interaction of three species is suggested in this research. 
 This research focuses on predator-prey models to study the interactions between 
performance indices and to understand the dynamics of the system under consideration. The 
basic argument in this research is to ascertain the validity of TS and AS from the perspective of 
predator prey modeling. Our first assumption is to establish the measures of TS and AS as a valid 
representation. Since it has been recognized as a valid measure (Paz et al. 2013), it can be safely 
assumed that they truly represent the current state of the overall system. The second assumption 
is that there is an implicit relationship between transportation, activity and environment systems. 
The third assumption is to consider transportation system as prey and activity system as predator 
in the classic predator prey model. To understand this, the authors tried to look at the economic 
system from a macro perspective. To support activity system, goods are moved around via 
transportation. Therefore, inadequate transportation becomes a limitation for growth in economic 
activity. This can be rephrased as “given a particular state of economic activity, the support by 
the transportation system is related to its actual utilization”. Hence activity system is using 
transportation and transportation can be taken as prey. This confirms the notion that AS is 
enhanced by TS. Additionally, in a multi species system as presented, the third species ES can be 
considered as a prey whereas TS and AS are predators. The predator prey relationship is a 
complex and bi-level relationship when multiple species are involved. However, this study is an 
attempt to analyze the relationship when all the three systems TS, AS and ES are present. The 
forth assumption in this research is that Environment is already degraded and will keep on 
degrading with time. 

 To summarize, in the context of sustainability, TS and AS feed on the ES; in other 
words, the TS and AS both act as predators and ES becomes a prey. Both consume the existing 
resources continuously and, ultimately, deplete the ES, thereby creating an imbalance in the 
ecosystem. The TS sustains increasing pressure by the amount of growth and development 
throughout the world. Therefore, the AS can be considered as a predator that eats up the TS, 
which acts as prey to the AS.  
 The dynamic modeling equations for the TS, AS, and ES are: 
  
𝑓0 = �̇�0  =  𝑑𝑥𝑜

𝑑𝑡
= 𝑎11𝑥𝑜(1− 𝑏1𝑥𝑜) + 𝑎12𝑥𝑜𝑥1𝑥2(1 − 𝑏1𝑥𝑜),    (4) 

 
𝑓1 = �̇�1  =   𝑑𝑥1

𝑑𝑡
= −𝑎21𝑥1(1 − 𝑏2𝑥1) − 𝑎22𝑥0𝑥1𝑥2(1 − 𝑏2𝑥1), and   (5) 

 
𝑓2 = �̇�2  =  𝑑𝑥2

𝑑𝑡
= 𝑎31𝑥𝑜𝑥1𝑥2 + 𝑏𝑡

𝑑𝑥𝑜
𝑑𝑡

+ 𝑏𝑎
𝑑𝑥1
𝑑𝑡

,      (6)                                  
 
where 𝑥2 < 0 and a11, a12, a21, a22, a31, bt, ba, b1 and b2 are all parameters that need to be 
estimated. The parameters b1 and b2 are logistic growth parameters for TS and AS, respectively. 
The variables 𝑥𝑜 , 𝑥1 , 𝑎𝑛𝑑 𝑥2 in Equations 4 through 6 denote the values TS, AS and ES 
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respectively. The functions 𝑓𝑜 ,𝑓1,𝑎𝑛𝑑 𝑓2denote the rate of change of TS, AS, and ES with 
respect to time. 
 The study is based on the initial assumption that environment is degrading with time and 
hence a negative value is used to initialize it in the modeling. Equation 4 signifies that the rate of 
TS is directly proportional to transportation, with logistic parameters to limit its growth, and 
similar observations are seen in the current physical system. The second term attempts to capture 
the combined effect of activity and environment on transportation. It denotes the interaction of 
AS and ES on TS. In a physical system, transportation and activity both complement each other, 
but with the inclusion of environment the overall scenario changes as suggested by incorporating 
negative values for environment. However for a given state of environment, it is expected to 
degrade in the near future due to its continuous consumption by transportation and activity 
systems. Since environment is taken as a negative value, it has been considered in the modeling 
that the product term is added. 

The first term in Equation 5 signifies that in the absence of TS and ES, AS will decrease 
exponentially since there is no transportation of goods, people etc. to sustain AS. Therefore, for a 
given value of environment, when transportation occurs, it contributes to the overall activity 
system. As a result, the more degraded the environment the bigger is the rate of change of AS. 

Equation 6 shows that the ES is already degrading exponentially with time as seen from 
first term. Intuitively, the TS and AS together have negative impact on the ES. Moreover, faster 
growth of AS and TS separately results in faster degradation in ES. Therefore, the rate of decay 
in ES will be governed by the rate of change of TS and AS as denoted by second and third terms 
in Equation 6.  
 A python script for the above three ordinary differential equations (ODE) is written, and 
the parameters are calculated using an initial estimate. The parameter values obtained 
were 𝑎11 = 0.11,𝑎12 = 1,𝑎21 = 1.76,𝑎22 = 16,𝑎31 = 0.01, 𝑏𝑡 = 0.01, 𝑏𝑎 = 0.01, 𝑏1 =
1, 𝑏2 = 1.  
 In order to validate and observe the inherent behavior of three systems, the best fit curves 
for TS, AS, and ES were evaluated using nonlinear, non-parametric techniques. The nonlinear 
techniques, such as curve fitting or regression, might be an appropriate choice, based on the 
initial examination of the data points. The basic approach to curve fitting depends on the 
intended goal. In many cases, the goal is simple, and one need not care about regression models 
and the interpretation of their best-fit values. Curve fitting is the process of constructing a curve, 
which is best fit through a set of data points, subject to some constraints. The results of curve 
fitting are discussed in Section 4. 
 The initial value of TS, AS, and ES for the year 1990 was used to initiate the ODE (Paz 
et al. 2013).  From a generalized perspective, the modeling was done for a longer time period. 
Although Figure 1 shows the trends for all three systems for a period of approximately 160 
years, it does not imply a relative scale among the three systems. The x axis shows the time 
period in years starting from year 1990, whereas the y axis denotes metrics for TS, AS and ES.  
 The dashed curve and the dotted curve indicate the TS and AS, respectively. It is evident 
that the AS peak is followed by the TS peak. Both systems have been steadily decreasing over 
time as a result of the continued exhaustion of natural resources. The solid curve indicates the 
ES, and also is decreasing gradually with time. This is due to the continuous appetite for natural 
resources needed to support economic development and infrastructure facilities. 
 Figure 2 shows a three-dimensional plot for system evolution for the TS, AS, and ES. 
The values along the three axes denote their individual metrics. The graph starts when the TS 
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and AS are at the lowest point, and the ES is at a peak. Furthermore, the decay in ES over time is 
clearly visible from the plot. The description and analysis of the equilibrium points are discussed 
in Section 3.3. 
 
3.3 Equilibrium Points  
This section describes the dynamics of the interdependent systems. In the usual scenario, the AS 
thrives when there are adequate TSs. However, after some time, the economic growth becomes 
enormous in order to keep up with the infrastructure facilities, and ultimately it starts 
deteriorating. Diminishing economic levels result in an increase in the availability of 
transportation facilities. These dynamics continue in a cycle of growth and decline.  
 The equilibrium points for the system of Equations 4 through 6 are as follows. There are 
five equilibrium points, namely, 𝑋1,𝑋2,𝑋3,𝑋4, and 𝑋5. The equilibrium points are identified so 
as to perform the stability analysis. This enables understanding the behavior of the system 
around a fixed point. A slight perturbation can lead an equilibrium point from stable to unstable, 
and vice-versa. The equilibrium points of the system developed in this study are shown in 
Equations 7 through 11. However, to understand this system, the trivial equilibrium point is 
obtained by taking  𝑥𝑜 = 0,  𝑥1 = 0  and 𝑥2 = 0, as shown in Equation 7. 
 

𝑋1  = (0,0, 0)                 (7) 
 

Other equilibrium points are shown in Equations 8 through 11 for a particular value of 
𝑥2.   𝑋2 and 𝑋3 are obtained by equating �̇�0 and  �̇�1 to zero and solving them simultaneously.  𝑋4 
is obtained by equating �̇�0 to zero, taking 𝑥1 = 0. 𝑋5 is obtained by equating �̇�1 to zero, taking 
𝑥𝑜 = 0. 
 

𝑋2  = �− 𝑎21
𝑎22𝑥2

,− 𝑎11
𝑎12𝑥2

, 𝑥2�              (8)                            
 

𝑋3  = � 1
𝑏1

, 1
𝑏2

, 𝑥2�              (9)                                                                                                                                                                          
 

𝑋4  = � 1
𝑏1

, 0, 𝑥2�              (10)                                                                                                                                                                          
 

𝑋5  = �0, 1
𝑏2

, 𝑥2�              (11)                                                                                                                                                                          
 

 The Jacobian matrix and the corresponding description of the partial derivatives for the 
underlying model are shown in Equations 12 through 21. 

 

𝐽 =  

⎝

⎜
⎛

𝜕𝑓𝑜
𝜕𝑥𝑜

𝜕𝑓𝑜
𝜕𝑥1

𝜕𝑓𝑜
𝜕𝑥2

𝜕𝑓1
𝜕𝑥𝑜

𝜕𝑓1
𝜕𝑥1

𝜕𝑓1
𝜕𝑥2

𝜕𝑓2
𝜕𝑥𝑜

𝜕𝑓2
𝜕𝑥1

𝜕𝑓2
𝜕𝑥2⎠

⎟
⎞

        (12)                                                                                                                                                                          

 
where, 
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𝜕𝑓𝑜
𝜕𝑥𝑜

= (𝑎11 + 𝑎12𝑥1𝑥2)(1− 2𝑏1𝑥𝑜)            (13)                                                                                                                                                                          
 
𝜕𝑓𝑜
𝜕𝑥1

=  𝑎12𝑥𝑜𝑥2(1 − 𝑏1𝑥𝑜)        (14)                                                                                                                                                                          
 
𝜕𝑓𝑜
𝜕𝑥2

=  𝑎12𝑥𝑜𝑥1(1 − 𝑏1𝑥𝑜)        (15) 
 
𝜕𝑓1
𝜕𝑥0

= −𝑎22𝑥1𝑥2(1 − 𝑏2𝑥1)        (16) 
 
𝜕𝑓1
𝜕𝑥1

= (−𝑎21 − 𝑎22𝑥0𝑥2)(1 − 2𝑏2𝑥1)                               (17)       
 
𝜕𝑓1
𝜕𝑥2

= −𝑎22𝑥1𝑥0(1 − 𝑏2𝑥1)        (18) 
 
𝜕𝑓2
𝜕𝑥𝑜

= 𝑎31𝑥1𝑥2 + 𝑏𝑡
𝜕𝑓𝑜
𝜕𝑥𝑜

+ 𝑏𝑎
𝜕𝑓1
𝜕𝑥𝑜

       (19) 
 
𝜕𝑓2
𝜕𝑥1

= 𝑎31𝑥0𝑥2 + 𝑏𝑡
𝜕𝑓𝑜
𝜕𝑥1

+ 𝑏𝑎
𝜕𝑓1
𝜕𝑥1

       (20) 
 
𝜕𝑓2
𝜕𝑥2

= 𝑎31𝑥1𝑥0 + 𝑏𝑡
𝜕𝑓𝑜
𝜕𝑥2

+ 𝑏𝑎
𝜕𝑓1
𝜕𝑥2

                                     (21) 
 
Inserting the equilibrium points into the Jacobian matrix yield the following eigenvalues. 

The first equilibrium point in Equation 7 yields the Jacobian matrix as shown in Equation 22. 
The corresponding eigenvalues are given by Equation 23. 

 

𝐽 =  �
𝑎11 0 0
0 −𝑎21 0

𝑏𝑡 𝑎11 −𝑏𝑎𝑎21 0
�        (22) 

 
 𝜆  = 𝑎11,−𝑎21, 0         (23) 
 
The second equilibrium point in Equation 8 yields the Jacobian matrix, as shown in 

Equation 24. The corresponding partial derivatives are given by Equation 25 through 31. 
 

𝐽 =  

⎝

⎜
⎛

0 𝜕𝑓𝑜
𝜕𝑥1

𝜕𝑓𝑜
𝜕𝑥2

𝜕𝑓1
𝜕𝑥0

0 𝜕𝑓1
𝜕𝑥2

𝜕𝑓𝑜
𝜕𝑥2

𝜕𝑓1
𝜕𝑥2

𝜕𝑓2
𝜕𝑥2⎠

⎟
⎞

        (24) 

 
where:  
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𝜕𝑓0
𝜕𝑥1

= 𝑎12 �−
𝑎21
𝑎22

− 𝑏1
𝑥2
�𝑎21
𝑎22
�
2
�        (25) 

 
𝜕𝑓0
𝜕𝑥2

= 𝑎21
𝑎22

𝑎11
𝑥22

+ 𝑏1
𝑥2

𝑎11
𝑥22
�𝑎21
𝑎22
�
2
        (26) 

 
𝜕𝑓1
𝜕𝑥0

= 𝑎22𝑎11
𝑎12

+ 𝑎22
𝑏2
𝑥2
�𝑎11
𝑎12
�
2
        (27) 

 
𝜕𝑓1
𝜕𝑥2

= −𝑎21
𝑎12

𝑎11
𝑥22
− 𝑎21

𝑏2
𝑥2
� 𝑎11
𝑎12𝑥2

�
2
                                                         (28) 

 
𝜕𝑓2
𝜕𝑥0

= −𝑎31𝑎11
𝑎12

+ 𝑏𝑎
𝜕𝑓1
𝜕𝑥0

        (29) 
 
𝜕𝑓2
𝜕𝑥1

= −𝑎31𝑎21
𝑎22

+ 𝑏𝑡
𝜕𝑓0
𝜕𝑥1

           (30) 
 
𝜕𝑓2
𝜕𝑥2

= −𝑎31𝑎11𝑎21
𝑎12𝑎22𝑥22

+ 𝑏𝑡
𝜕𝑓0
𝜕𝑥2

+ 𝑏𝑎
𝜕𝑓1
𝜕𝑥2

       (31) 
 

 To comment on the stability of the system, one needs to compute the eigenvalues and 
relate the stability based on the sign of real part. However, there is an alternate method where we 
assume the pseudo equilibrium for the system (in the neighborhood of 𝑥2). It can be explained 
through the following steps. 

(1) Assume change in 𝑥2 to be negligible for the period of analysis. In other words, 𝑥2 is 
treated as a constant. 

(2) Reduce the Jacobian matrix accordingly (a 2x2 matrix). 
(3) Compute eigenvalues and comment on stability at the equilibrium point. 

 
Using this approach, the system can be visualized as a two species system. The Jacobian matrix 
at the equilibrium point 𝑋2 is shown in Equation 32. 
 

𝐽 =   �
0 𝜕𝑓𝑜

𝜕𝑥1
𝜕𝑓1
𝜕𝑥0

0
�          (32) 

 
This results in the following eigenvalues in Equation 33. 
 

𝜆  =  ±�𝜕𝑓𝑜
𝜕𝑥1

. 𝜕𝑓1
𝜕𝑥0

 =  ±�−𝑎11𝑎21 �1 + 𝑏1
𝑥2

𝑎21
𝑎22
� �1 + 𝑏2

𝑥2

𝑎11
𝑎12
�    (33) 

 
As a result, the equilibrium point will be a center if 𝜆 is real. From Figure 4 it is evident 

that if 𝑥2 is constant, then transportation and activity will follow limit cycle behavior. However 
when 𝑥2  starts to shift, equilibrium point X2 follows a trajectory and this shift causes the current 
limit cycle to change as shown in Figure 3. The physical interpretation of the analysis implies 
that change in value of environment disturbs the maximum potential use of transportation which 
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eventually affects the maximum value of activity. These results are in compliance with the 
expected behavior. 

The remaining equilibrium points are the result of introducing logistic parameters 
𝑏1and 𝑏2, which are used to define the boundary of phase plots and their maximum limits. As a 
result, they do not have any physical significance associated with them; therefore, their analysis 
is not required at this point. The eigenvalues corresponding to the equilibrium points can be 
stable or unstable, depending on the values of the parameters. The eigenvalues dictate the 
qualitative behavior of the system around the equilibrium points.  
 Figure 3 shows the phase plot for the equilibrium points obtained after the modeling 
process at various values of ES. The x axis and y axis indicate the values of TS and AS, 
respectively. This plot shows the model’s performance by assuming pseudo-equilibrium over TS 
and AS for a slowly varying value of ES. The plot indicates that this equilibrium always shifts 
and travels along a straight line. As a result, the system tries to reach an equilibrium point, but 
ultimately cannot attain it. In addition, the behavior of this pseudo-equilibrium is similar to the 
Lotka-Volterra model. 

Figure 4 (a, b, c) shows the vector field diagram of TS and AS in pseudo-equilibrium. A 
vector field in the plane can be defined as a collection of arrows with a given magnitude and 
direction, each attached to a point in the plane. The x axis and y axis indicate the values of TS 
and AS, respectively. The figure also shows the shift in the equilibrium point (𝑋2) for various 
values of ES. As evident from Figure 4, the equilibrium points 𝑋1,𝑋3,𝑋4 and 𝑋5 represent the 
boundary indicated by logistic parameters. It can be safely concluded that the control over this 
model is possible, as the equilibrium point 𝑋2 is moving slowly by changing the values of ES. 
 
4. RESULTS AND ANALYSIS 
This section shows the best-curve fit for TSPI, ASPI, and ESPI, respectively. A closer look 
through the original trend suggests that there is some cyclic and periodic behavior in all the three 
performance indices (Figure 5). Therefore, a linear curve fit is not an appropriate choice. As a 
result, higher degree polynomials are constructed to appropriately follow the existing trends. A 
python script is written to get the best-fit curve for TSPI, ASPI, and ESPI, respectively. 

Figure 5 shows the polynomial curve fit for TSPI, ASPI, and ESPI from year 1990 to 
year 2008. The x axis represents the time in years and the y axis represents the values of 
performance indices. The dashed curve represents the original TSPI trend, while the solid 
triangle curve shows the best curve fit. The best-curve fit model for TSPI is given by Equation 
34. The dashed curve represents the original ASPI trend, while the solid circle curve shows the 
best-curve fit. The best-curve fit model for ASPI is given by Equation 35. The dashed curve 
represents the original ESPI trend, while the solid rectangle curve shows the best curve fit. This 
is an unusual scenario whereby the ESPI follows a periodic pattern, depending on the state of the 
TSPI and the ASPI. As a result, exponential decay and polynomial functions are used to estimate 
the best-fit curve. The best-curve fit model for ESPI is given by Equation 36. 

 
The Transportation polynomial: 

 
𝑥0 = −6.066 ∗ 10−5𝑥4  +  0.00219 𝑥3  −  0.02607  𝑥2 +  0.1461 x +  0.1768  (34) 
 

The Activity Polynomial: 
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𝑥1 = −9.376 ∗ 10−8𝑥7  +  4.704 ∗ 10−6𝑥6  −  8.754 ∗ 10−5𝑥5  +  0.0007502  𝑥4  −
 0.002988  𝑥3   +  0.004654  𝑥2 +  0.01451  x +  0.3793      (35) 

 
The Environmental polynomial: 

 
𝑥2 = −1.475 ∗ 10−5𝑥4  +  5.120 ∗ 10−4𝑥3  − 3.394 ∗ 10−3𝑥2 − 2.104 ∗ 10−2 x +

 .1198 + 𝑒−0.497−0.037𝑥         (36) 
 
 The aforementioned curve fitting models dictate certain patterns. The proposed 
mathematical modeling aims to draw upon the understanding of behavior observed in the curve 
fitting models. Finally, the proposed model is used to understand the dynamics of our 
interdependent systems. The model can articulate about the performance of SOS for a limited 
period of time.  
 Figure 6 shows the dynamics of the three systems for a time period of approximately 30 
years, starting with year 1990. The x axis represents the time in years and the y axis represents 
the normalized values of performance indices obtained after modeling. The TS (dashed curve) 
and the AS (dotted curve) follow a periodic pattern with a phase lag, whereas the ES (solid 
curve) follows a decreasing pattern. The results can be verified with the Great Recession from 
2008 to 2009, during which time economic activity started deteriorating. As evident, the ES is at 
lowest point when TS and AS are at near-peak levels. Overall, the ES follows a decreasing trend 
over time.  
 
5. INTERCONNECTED NETWORKS 
The above mentioned dynamic modeling is performed at a macro level by considering United 
States as an example. This approach gives the decision maker an idea of the dynamic 
interdependencies between the TS, AS and ES over time. Additionally, the technique presented 
here provides a hierarchical way on the desired level (micro or macro). However, it becomes 
equally necessary to disintegrate the region into multiple sub-regions and analyze them 
separately. Furthermore, it is helpful to analyze the system with a higher resolution to precisely 
understand the trade, transportation and economic growth that affects the sub-regions. As a 
result, it becomes important to analyze and prepare a framework that takes into account 
interdependencies between multiple sub-regions. For example, consider the tri-city area of Las 
Vegas, Los Angeles and San Diego. All the three sub-regions affect each other with respect to 
emissions, energy consumption, freight transportation (as a result of ports in Los Angeles and 
San Diego), economic activity (tourism) etc. Additionally, abundant sub-region data is readily 
available from local municipalities and counties. This can help to understand the 
interdependencies between sub-regions. This section discusses a generalized framework that 
relates the proposed modeling approach with the concept of interconnected networks.  

The concepts derived from interconnected networks can be applied to network 
analysis. The interconnected networks comprise of multiple nodes having diverse states and 
physical systems. It is well documented that the decomposition principle can be utilized to 
decompose certain complex systems made of interacting elements into lower dimensionality 
subsystems (Himelblau 1973). Each of the pieces within the system is then analyzed 
individually. Lastly, each individual solution of a particular subsystem can be combined together 
to obtain an overall solution for the system. If the system represents a structure of subsystems 
(interconnected elements) having physical meaning, then breaking the interconnections during 
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the analysis can lead to numerical simplifications of the system; this provides further information 
regarding the structural properties (Siljak 1978). Using this concept, the current research breaks 
the system and then investigates its connective structural characteristics. 
 
Let’s take an example of a linear constant system S given by Equation 37: 
 
�̇� = 𝐴𝑦           (37) 
 
where 𝑦 = (𝑦1,𝑦2, … …𝑦𝑛)𝑇 is the state vector and 𝐴 = �𝐴𝑖𝑗� is a constant 𝑛 ∗ 𝑛 system matrix. 
Equation 37 can be rewritten to form Equation 38. 
 

 �𝑦1̇𝑦2̇
� = �𝐴11 𝐴12

𝐴21 𝐴22
� �
𝑦1
𝑦2�          (38) 

 
Equation 38 shows in detail the dependencies of individual components inside the system. As 
evident, two vector equations can be formulated using Equation 39. 
 
𝑦1̇ =  𝐴11𝑦1 +  𝐴12𝑦2          (39) 
𝑦2̇ = 𝐴21𝑦1 +  𝐴22𝑦2 
 
Now, if state vectors 𝑦1,𝑦2 describe the two subsystems 𝑆1 and 𝑆2, then Equation 40 describes 
the decoupled subsystems, whereas 𝐴12𝑦2, 𝐴21𝑦1 represent the interactions between the two 
subsystems. 
  
𝑦1̇ = 𝐴11𝑦1           (40) 
𝑦2̇ = 𝐴22𝑦2 
 
Figure 7 shows the weighted directed graph, or digraph, for the interconnected system described 
by means of Equation 39.  

The aforementioned ideas are extended to introduce the concept of a multi-city network. 
Figure 8(a) shows the interconnected system diagraph for two cities (subsystems) S1 and S2. 
Each subsystem is associated with two communities (h1, p1) and (h2, p2), respectively. The 
structural aspects of this scenario can be obtained by linking the two subsystems. These two 
subsystems S1 and S2 are given through Equations 41 and 42 (Siljak 1978), and are shown by 
dashed lines in Figure 8(a).  
 

�ℎ1̇𝑝1̇
� = �𝛼1 − 𝛼11ℎ1 −𝛾1

𝛿1𝑝1 −𝛽1 − 𝜃1𝑝1
� �ℎ1𝑝1

�        (41) 

 

�ℎ2̇𝑝2̇
� = �𝛼2 − 𝛼22ℎ2 −𝛾2

𝛿2𝑝2 −𝛽2 − 𝜃2𝑝2
� �ℎ2𝑝2

�        (42) 

 
If we add another subsystem S3, then the system is shown in Figure 8(b). The corresponding 
subsystem is represented in Equation 43. 
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�ℎ3̇𝑝3̇
� = �𝛼3 − 𝛼33ℎ3 −𝛾3

𝛿3𝑝3 −𝛽3 − 𝜃3𝑝3
� �ℎ3𝑝3

�        (43) 

 
In addition, Figure 8(b) shows the multi-city network and their interconnections 

(𝛼12,𝛼21,𝛼32,𝛼23) along with the structural characteristics. These individual cities have multiple 
subsystems that interact within themselves. In addition, these cities also are affected by the 
interactions between them. For example, the interactions can be among a freight corridor for 
transportation purposes or activities for the economic development. 

For a generalized framework, the interactions between these subsystems are represented 
through an interconnection matrix 𝐸�, and each of the individual elements is defined as shown in 
Equation 44. 
 

�̅�𝑖𝑗 = �1,
0,                       

𝑆𝑗 𝑐𝑎𝑛 𝑎𝑐𝑡 𝑜𝑛 𝑆𝑖
𝑖 = 𝑗 𝑜𝑟 𝑆𝑗 𝑐𝑎𝑛𝑛𝑜𝑡 𝑎𝑐𝑡 𝑜𝑛 𝑆𝑖

           (44) 

 
In other words, �̅�𝑖𝑗 = 1 if there is a dependency between ℎ𝑗 𝑎𝑛𝑑 ℎ𝑖 from subsystem 𝑆𝑗  to the 
subsystem 𝑆𝑖, and �̅�𝑖𝑗 = 0 if there is no line ℎ𝑗ℎ𝑖 . To perform the analysis for the multi-city 
network in Figure 8(b), the corresponding interconnection matrix is given by Equation 45. 
 

𝐸� = �
0 1 0
1 0 1
0 1 0

�          (45) 

 
Furthermore, Equations 46 to 48 represent the dynamics of this network with the help of above 
interconnection matrix. 
    

�ℎ1̇𝑝1̇
� = �𝛼1 − 𝛼11ℎ1 −𝛾1

𝛿1𝑝1 −𝛽1 − 𝜃1𝑝1
� �ℎ1𝑝1

� + �−𝛼12 0
0 0� �

ℎ2
𝑝2
�     (46) 

 

�ℎ2̇𝑝2̇
� = �𝛼2 − 𝛼22ℎ2 −𝛾2

𝛿2𝑝2 −𝛽2 − 𝜃2𝑝2
� �ℎ2𝑝2

� + �−𝛼21 0
0 0� �

ℎ1
𝑝1
� + �−𝛼23 0

0 0� �
ℎ3
𝑝3
�  (47) 

 

�ℎ3̇𝑝3̇
� = �𝛼3 − 𝛼33ℎ3 −𝛾3

𝛿3𝑝3 −𝛽3 − 𝜃3𝑝3
� �ℎ3𝑝3

� + �−𝛼32 0
0 0� �

ℎ2
𝑝2
�     (48) 

 
Similarly, this network can be extended to a more general network having n systems. Such a 
network can have multiple interconnections and interdependencies, and are represented by an 
interconnection matrix 𝐸�, as shown in Equation 49. 
 

𝐸� = �
�̅�11 ⋯ �̅�1𝑛
⋮ ⋱ ⋮
�̅�𝑛1 ⋯ �̅�𝑛𝑛

�          (49) 

 
Also, the system vector for n systems, along with the coupling effect, is represented through 
Equations 50 and 51.  
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�̇� = 𝐴𝑆 + µ𝐸�𝑆           (50) 
 
𝑆�̇� = 𝐴𝑆𝑖 +  µ𝑖1�̅�𝑖1𝑆𝑖 + µ𝑖2�̅�𝑖2𝑆2 + µ𝑖3 �̅�𝑖3𝑆3 + ⋯+ µ𝑖𝑛�̅�𝑖𝑛𝑆𝑛    (51) 
 
where: 
𝑆𝑖: system vector for ith system 
µ𝑖𝑗: The relationship parameter matrix for jth system 
 

To summarize, the above equations can be utilized along with the proposed dynamical 
modeling approach to build models for individual cities. These models will help to understand 
the interconnections among multiple cities. The associated relationships among them are 
dependent on the nature and geographic characteristics, for example, waterways, freight 
corridors, and transportation hubs.  

This research provides a framework to increase the resolution and scope of study. In 
addition, it improves the model and enhances understanding of interconnected networks from the 
perspective of sustainable systems. Depending on the granularity, the effects from an individual 
city on the entire network can be studied. 

 
6. CONCLUSIONS AND RECOMMENDATIONS 
The results suggest that the performance of TS and AS follows a periodic pattern with a phase 
lag. Also, there is a decreasing trend for the performance of ES. This trend makes the conditions 
unsustainable, and endangers the livability of future generations. This will result in the depletion 
of resources due to continuous improvements in the TS and AS. Therefore, it is necessary to 
understand the systems in unison and formulate appropriate policies that conserve resources 
without hindering growth, ultimately ensuring a healthy environment with the intention of 
providing a better and sustainable life for future generations. 

The major contribution in this research is a novel approach to understand the dynamics of 
the three interdependent systems, using the concepts derived from classical predator-prey 
techniques. This system is highly non-linear in nature. Therefore, the capabilities of this 
modeling approach are restricted to understanding the theoretical and quantitative concepts 
within the SOS. The proposed modeling approach may provide useful information for 
researchers to modify and enhance such models for rigorous analysis of sustainable systems. As 
a result, this model can be used as a starting point to understand the behavior of SOS.  
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