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28Planning of sustainable transportation systems requires integration of multiple systems
29while considering a holistic approach. A limited amount of research has been conducted
30that simultaneously considers all the transportation, economic activity, environmental
31and social effects. The proposed research envisages incorporating considerations related
32to sustainability and providing solutions to stakeholders in policy making. In this paper,
33a dynamic model for planning and development of sustainable transportation systems is
34presented. This is given by a system of three nonlinear differential equations representing
35the dynamics of the three independent states, namely, transportation, activity, and
36environmental systems. A policy scenario considering investment in energy efficient tech-
37nologies and its effects on the states is discussed to assist making investment decisions.
38Optimal control techniques are used to design the controls. The results show that it is pos-
39sible to formulate an optimal control to achieve the desired target. Numerical results, based
40on actual parameters, are presented to illustrate the long-term trends of the states. The
41methodology discussed in this paper will be helpful to decision makers in making optimal
42decisions. The contribution of this research work is the introduction of a systems and con-
43trols methodology to develop optimal policies for the design of sustainable systems.
44� 2015 Published by Elsevier Ltd.
45

46

47

48 1. Introduction

49 The theory of optimal control has been well developed for over 40 years. With advances in computer techniques, optimal
50 control currently is widely used in multi-disciplinary applications, such as biological systems, communication networks, and
51 socio-economic systems (Wang, 2009). Applications of control systems in transportation systems have been studied
52 extensively by multiple researchers. Strub and Bayen (2006) studied the optimal control of air-traffic networks using
53 continuous flow models. These authors used Eulerian models (based on control volume) as compared to Lagrangian models
54 (trajectory-based), and took into account all aircraft trajectories. Geetla et al. (2014) discussed the optimal placement of
55 omni-directional sensors in a transportation network for effective emergency response and crash characterization.
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56 Raschke et al. (2013) used a combinatorial optimization approach for group comparisons to minimize the cost of sample col-
57 lection. Hooker et al. (1983) and Hooker (1988) studied the optimal control of automobiles to investigate the underlining
58 principle of optimal driving, with an objective of minimizing fuel consumption. This study was unable to gain momentum
59 in traffic management and in-vehicle systems due to the limited availability of infrastructure, sensing technologies, and tools
60 for traffic modeling and prediction.
61 Recent advances in communication technology have led to emergence of new cooperative systems that utilize
62 vehicle-to-vehicle (V2V) and/or vehicle-to-infrastructure (V2I) communication. These systems help improve safety and effi-
63 ciency as well as reduce the environmental effects of road traffic as compared to existing intelligent transportation systems
64 (ITS). The application of communication technology in ITS development has attracted broad attention with respect to a vehi-
65 cle ad hoc network and V2V-based ITS systems to improve road safety, for example, Europe’s CO-OPerative SystEms for
66 Intelligent Road Safety, or COOPERS (Farah et al., 2012). Nevertheless, few V2I systems have been developed to manage traffic
67 fleets on roads for energy and environmental purposes. As a result, there is increasing demand to develop intelligent infras-
68 tructure or roadside units that serve as local management tools based on real-life traffic conditions. Researchers have
69 adopted analytical techniques for development of ITS strategies to predict real-time traffic flow data. Stathopoulos and
70 Karlaftis (2003) formulated a multivariate state space approach for urban traffic flow modeling and prediction.
71 Stathopoulos and Karlaftis (2001) addressed temporal and spatial variations of real-time traffic data in urban areas where
72 ITS strategies can have significant impacts. Vlahogianni et al. (2005) developed a genetic algorithm based, multilayered
73 structural optimization strategy for short-term traffic flow prediction. Papatzikou et al. (2014) formulated Value at Risk
74 methods for the assessment of traffic control strategies, using dynamic assignment tools. Ma (2013) developed a method-
75 ological approach using optimal control theory to control the environmental effects of live vehicle fleets. This study sug-
76 gested that the technique is favorable for local V2I-based traffic management applications. Furthermore, the technique
77 can be expanded for more complex problems in optimal control for dynamic fleet management. Overall, the presence of
78 the cooperative system in ITS development makes it technically possible to implement dynamic guidance to drivers. In fact,
79 this will benefit system efficiency, especially by means of fuel economy and environmental effects.
80 Lately, the applications of control systems have been visible in hybrid electric vehicles for deregulated electricity markets.
81 The use of Plug-in hybrid electric vehicles (PHEVs) has been encouraged to achieve two tasks: (a) reduce CO2 emissions and (b)
82 diversify the fuel supply for the nation’s transportation fleet. Rotering and Ilic (2011) used PHEVs to reduce the transporta-
83 tion sector’s dependency on oil. The authors argued that if their technique is implemented in a large-scale environment
84 without control, the peak load will increase significantly and the grid may be destabilized. The implemented algorithms
85 were based on a forecast of future electricity prices and the use of dynamic programming to find an economically optimal
86 solution for the vehicle owner. Kempton and Tomic (2005) examined the systems and processes needed to store energy in
87 vehicles and implemented vehicle-to-grid (V2G) power. The study discussed stabilizing the grid and supporting large-scale
88 renewable energy systems. Sioshansi and Denholm (2009) studied the effects of emissions and benefits of PHEVs and
89 V2G services. The authors inferred that by adding V2G power services, such as spinning reserves and energy storage, the
90 emissions could be reduced drastically. Stephan and Sullivan (2008) studied the environmental and energy implications
91 of PHEVs, and suggested that CO2 emissions would reduce by 25% in the short term and as much as 50% in the long term
92 when compared to their conventional hybrid vehicles. Additionally, the authors discussed the CO2 savings of replacing coal
93 plants versus replacing conventional vehicles with PHEVs. Samaras and Meisterling (2008) discussed the life-cycle assess-
94 ment of greenhouse gas (GHG) emissions from PHEVs and its implications for policy analysis. They found out that PHEVs
95 reduced GHG emissions by 32% compared to conventional vehicles; however, they produced small reductions compared
96 to traditional hybrids. Johnson et al. (2006) generated a MARKAL model of the U.S. that could be employed by federal and
97 regional decision makers to explore future scenarios of energy-system development and the associated emissions. Miah
98 et al. (2012) developed an optimum policy for integration of renewable energy sources into power generation. The results
99 demonstrated that control theory could be used successfully to formulate optimal socio-economic policies.

100 Researchers have formulated numerous models to incorporate sustainability through the use of various approaches.
101 Nagurney and Nagurney (2010) developed a rigorous modelling and analytical framework for the design of sustainable sup-
102 ply-chain networks. They provided both the modelling framework for network optimization and an algorithm to compute
103 solutions for design examples. Szeto et al. (2013) discussed a sustainable road network design, and summarized the
104 interaction over time of the transportation system with land use. Batagan (2011) emphasized the concept of smart solutions
105 to achieve sustainable development, and identified the key elements of future ‘smart’ cities. The model showed that
106 economical sustainability and ecological sustainability are both necessary, individually; however, currently, they are insuf-
107 ficient conditions for sustainable development. The results highlighted that for a sustainable development, there is a need to
108 reduce the non-renewable resources and to produce new resources using ‘smart’ solutions. Li et al. (2013) demonstrated the
109 design of sustainable cordon-toll pricing schemes. Their findings suggested the interrelationships among a cordon-toll
110 scheme, traffic congestion, environmental effects, and urban population distribution. Moreover, the study discussed the
111 effects of subsidizing the retrofit of old vehicles on the reduction in emissions, and determined the optimal subsidy policy
112 for social welfare. Li and Lofgren (2000) analyzed the relationship of economic sustainability with natural resources. They
113 characterized the long-run steady state, analyzed its asymptotic stability, and explored the transitional dynamics from
114 any initial state. In addition, the conflict between present and future generations in a dynamic renewable-resource model
115 under a social-welfare function was discussed. Watling and Cantarella (2013) summarized state-of-the-art knowledge in
116 modeling of transportation systems to estimate effective policies for travel-demand management and control.
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117 Kitthamkesorn et al. (2013) used techniques to improve environmental sustainability by means of efficient promotion of ‘go-
118 green’ transportation modes, such as public transit and bicycles.
119 Recently, researchers have focused their attention on incorporating sustainability into transportation systems by con-
120 sidering multiple systems simultaneously. Amekudzi et al. (2009) presented a framework for a sustainability footprint
121 and a model that would be useful to analyze the effects of transportation and other infrastructure systems on regional
122 sustainable development. The major contributions included the introduction of both spatial and temporal flexibility to
123 enable decision makers with broadly different priorities to reach a consensus on short-term goals. Loukas et al. (2010) for-
124 mulated a policy-driven approach for providing optimal investment plans for future network expansions by managing the
125 carbon footprint related to vehicle emissions on urban networks. Specifically, optimal network development and pricing
126 decisions were analyzed to simultaneously optimize multiple social, economic, and environmental targets. Böhringer and
127 Löschel (2006) investigated the use of computable general equilibrium (CGE) models for assessing the effects of policy
128 interference on economic, environmental, and social indicators. The authors found that operational CGE models used for
129 energy–economy–environment analyses have a good coverage of central economic indicators. Paz et al. (2013) identified
130 the performance measures within transportation, activity, and environmental systems, and combined them to obtain perfor-
131 mance indices using soft computing techniques. In addition, the authors provided key policy measures that could affect
132 transportation, activity and environmental systems. Since industrial, social, and ecological systems are interlinked, Fiksel
133 (2006) emphasized a comprehensive systems approach for effective decision making with respect to global sustainability.
134 The author suggested the use of dynamic modeling techniques – including bio-complexity, system dynamics, and thermody-
135 namic analysis – to investigate the relationships between associated systems and policymaking. The study provided recom-
136 mendations to achieve progress in dynamic modeling and sustainable management of complex systems. Maheshwari et al.
137 (2014) developed dynamical models using predator–prey techniques to understand the future trend of the performance
138 indices over time. The study indicated that much research and simulations still is needed to capture the behavior of such
139 systems for application in policy making.
140 Although the aforementioned researchers have done an excellent job by considering multiple systems and creating dif-
141 ferent sustainability models, there is a need to incorporate control in sustainability systems that can provide tools to decision
142 makers for policy recommendations. The modeling framework can be divided into macroscopic as well as microscopic.
143 However, the current research focuses primarily on developing macroscopic models. The objective of this research is to
144 develop macroscopic framework for modeling as well as control design of sustainable systems. The proposed research envis-
145 ages incorporating sustainable considerations and providing solutions to stakeholders in policy making by using control
146 techniques. The scientific impact of the proposed research will be due to the formulation of techniques and models to help
147 understand the relationships between public policy and sustainability. The academic merit will be the application of optimal
148 control theory methods in the design of public policy instruments.
149 This paper is organized as follows. Section 2 presents the data used in this research. Section 3 presents the mathematical
150 model based on Lotka–Volterra prey–predator system leading to the problem formulation. Section 4 discusses the metho-
151 dology, and Section 5 summarizes the results and analysis. Conclusions and recommendations are presented in Section 6.

152 2. Data

153 The data for the current research was obtained from Paz et al. (2013). The major dataset consists of the yearly perfor-
154 mance measures ranging from 1990–2010, 21 years in total, for the continental United States. Three major systems are
155 defined in this research: the Transportation System (TS), the Activity System (AS), and the Environmental System (ES).
156 The TS includes the following performance measures: VMT/lane mile, Personal Spending on Transportation, and the
157 Transportation Service Index (TSI). The AS includes the following performance measures: GDP/capita, Education Index, and
158 Life Expectancy. The ES includes the following performance measures: Air Pollution, Water Pollution, Energy
159 Consumption, and Carbon-Dioxide Emissions. The data was obtained from various sources and organizations, such as the
160 World Bank, the United Nations, the U.S. Bureau of Transportation Statistics, and the U.S. Environmental Protection
161 Agency. The multiple performance measures were combined using fuzzy logic to obtain the corresponding Performance
162 Indices (PIs). For example, such performance measures as VMT/lane mile, personal spending on transportation, and TSI all
163 were combined to obtain the Transportation System Performance Index. Similarly, relevant performance measures were
164 combined to obtain the Activity System Performance Index and the Environmental System Performance Index. The PIs were
165 calculated independently for each of the three systems. The following three steps were used to calculate the corresponding
166 PI: (a) an inference step, (b) an aggregation step, and (c) a defuzzification step. The reliability of these PIs was verified using
167 the existing trend for the corresponding performance measures. During the past two decades, these performance measures
168 followed similar patterns with the periods of growth due to the economic boom and downturn because of political uncer-
169 tainties, recession, and financial crises.
170 A comprehensive literature review was performed to choose the performance measures, and take into account all the
171 dimensions of transportation, economic, environmental, and social systems relevant within the society. The performance
172 measures were selected based on spatial and geographic characteristics of a particular location. The framework to
173 compute PIs was modular and flexible, and could accommodate more performance measures over time. Therefore, as the
174 number of performance measures increases, the PIs will change; however, the overall trend of the all the PIs will remain
175 comparable.
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176 3. Mathematical modeling

177 This section describes the variables and modeling equations used to define different systems of sustainability. The con-
178 cept of predator–prey is relevant to biological systems in which two species interact. The predator–prey equation was devel-
179 oped independently by Lotka (1920) and Volterra (1931), and is often called the Lotka–Volterra model. These equations are a
180 pair of first-order nonlinear differential equations. In addition, they cannot be separated from each other and cannot be
181 solved in closed form. The dynamic modeling equations defined in this research are an extension of the Lotka–Volterra equa-
182 tions applicable to a two-species system (Miah et al., 2012) and a three-species system (Maheshwari et al., 2014). A modified
183 version of Lotka–Volterra equations for a three-species system is presented in this paper. The three variables that define the
184 state of a system are TS: x1, the AS: x2, and the ES: x3. The corresponding modeling equations for the performance of TS, AS
185 and ES can be represented through Eqs. (1)–(3) (Maheshwari et al., 2014).
186

f 1 ¼ _x1 ¼
dx1

dt
¼ a11x1ð1� b1x1Þ þ a12x1x2x3ð1� b1x1Þ ð1Þ

f 2 ¼ _x2 ¼
dx2

dt
¼ �a21x2ð1� b2x2Þ � a22x1x2x3ð1� b2x2Þ ð2Þ

f 3 ¼ _x3 ¼
dx3

dt
¼ a31x1x2x3 þ bt

dx1

dt
þ ba

dx2

dt
ð3Þ188188

189 where x3 < 0 and a11; a12; a21; a22; a31; bt ; ba; b1 and b2 are all parameters that need to be estimated. The parameters b1

190 and b2 are logistic growth parameters for TS and AS, respectively. The functions f 1; f 2, and f 3 denotes the rate of change of
191 TS, AS, and ES, respectively, with respect to time.
192 It is assumed that the environment is degrading with time; hence, a negative value is used to initialize this degradation in
193 the modeling. Eq. (1) indicates that the rate of TS is directly proportional to transportation, with logistic parameters to limit
194 its growth; similar observations are seen in the present physical system. The second term, which represents the interaction
195 of AS and ES on TS, tries to capture the combined effect of activity and environment on transportation. In a physical system,
196 transportation and activity both supplement each other. However, with the addition of environment, the complete situation
197 changes, as denoted by placing negative values for environment. Due to its continuous consumption by transportation and
198 activity systems, the state of the environment is expected to degrade further in the near future. Because environment has a
199 negative value associated with it, the product term is added in the modeling.
200 The first term in Eq. (2) indicates that in the absence of TS and ES, AS will decrease exponentially as there is no transporta-
201 tion of goods and people to sustain AS. Consequently, for a particular value of environment, when transportation occurs, it
202 contributes to the overall activity system. Accordingly, the more degradation of the environment, the greater is the rate of
203 change of AS.
204 The first term in Eq. (3) shows that the ES already is degrading exponentially with time. Intuitively, the addition of TS and
205 AS simultaneously will have negative impact on the ES. Furthermore, faster growth of AS and TS, separately, results in faster
206 degradation in ES. Therefore, the rate of decay in ES will be governed by the rate of change of TS and AS, as denoted by the
207 second and third terms in Eq. (3).
208 To solve Eqs. (1)–(3), a python script was written, and the parameters were calculated using an initial estimate. The
209 parameter values obtained were a11 ¼ 0:11, a12 ¼ 1, a21 ¼ 1:76, a22 ¼ 16, a31 ¼ 0:01, bt ¼ 0:01, ba ¼ 0:01, b1 ¼ 1, and
210 b2 ¼ 1. The sub-sections of mathematical modeling are discussed below. Section 3.1 formulates a case study that shows
211 the effect of investment on TS, AS, and ES. Section 3.2 summarizes the generalized form of control equations, and
212 Section 3.3 checks the controllability of the nonlinear systems.

213 3.1. Case study

214 One example of a policy scenario takes into consideration investments in solar/energy-efficient technologies and their
215 effects on TS, AS, and ES. Fig. 1 explains this scenario by illustrating two layers. The first layer implies that an investment
216 in emerging and green technologies will directly result in an increase in economic activity and an increase in employment.
217 Additionally, the investment will result in better fuel efficiency for vehicles, ultimately decreasing fuel consumption.
218 The second layer looks at the indirect effects of the proposed policy. First, an increase in economic activity results in edu-
219 cation standards and helps in increasing life expectancy. Furthermore, it helps in managing urban sprawl and land-use
220 changes, resulting in increased mobility and transportation. Second, a decrease in fuel consumption results in reduced pol-
221 lution and greenhouse emissions. This is especially important to reduce the carbon footprint.

222 3.2. Generalized control equations

223 This section discusses the generalized control equation and techniques to check the controllability of the system. The
224 generalized form in vector format can be represented by Eqs. (4)–(7). The bold letters represent vectors.
225

_x ¼ f ðxÞ þ
X

gðxÞ:uðtÞ ð4Þ227227
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228 where
229

f ðxÞ ¼
f 1 x1; x2; x3ð Þ
f 2 x1; x2; x3ð Þ
f 3 x1; x2; x3ð Þ

2
64

3
75 ð5Þ

gðxÞ ¼
g11ðx1; x2; x3Þ g12ðx1; x2; x3Þ g13ðx1; x2; x3Þ
g21ðx1; x2; x3Þ g22ðx1; x2; x3Þ g23ðx1; x2; x3Þ
g31ðx1; x2; x3Þ g32ðx1; x2; x3Þ g33ðx1; x2; x3Þ

2
64

3
75 ð6Þ

uðtÞ ¼
u1ðtÞ
u2ðtÞ
u3ðtÞ

2
64

3
75 ð7Þ

231231

232 Here, gij denotes the policy parameters and u is the control vector. However, for this particular policy scenario, Eq. (4) can be
233 represented by Eq. (8).
234

_x1

_x2

_x3

2
64

3
75 ¼ f ðxÞ þ

0
g21x1

0

2
64

3
75u1 þ

0
g22x2

0

2
64

3
75u2 þ

0
0
g33x3

2
64

3
75u3 ð8Þ

236236

237 where parameters g21; g22, and g33 are associated with an increase in transportation, an increase in life expectancy, and a
238 decrease in greenhouse gases, respectively.

239 3.3. Controllability of nonlinear systems

240 For any system, control techniques are applicable only if the system is controllable. Controllability for nonlinear systems
241 usually is defined with Lie brackets. A nonlinear control system can be considered as a group of dynamical systems (vector
242 fields) parameterized by a parameter called the ‘control’. It is expected that basic properties of such a system depend on
243 interconnections between the different dynamical systems corresponding to different controls (Jakubczyk, 2001).
244 The dynamical systems presented in this research are represented by vector fields as this allows us to perform algebraic
245 operations on them. An example of such an operation includes linear combinations and a product called Lie bracket, which is
246 the basic tool that enables understanding the interactions between different vector fields. Let us consider two vector fields
247 f ðxÞ and gðxÞ in Rn. Then, the Lie bracket operation generates a new vector field, as defined by Eq. (9).
248

½f ; g� ¼ @g
@x

f � @f
@x

g ð9Þ250250

251 In addition, higher-order Lie brackets can be defined by Eqs. (10)–(12).
252

ad1
f ; g

� �
¼ ½f ; g� ð10Þ

ad2
f ; g

� �
¼ f ; ½f ; g�½ � ð11Þ

. . . ::

adk
f ; g

� �
¼ f ; bðadk�1

f ; gÞc ð12Þ254254

Layer 1 Layer 2

Increase in Education 
and Life ExpectancyIncrease in Economic 

Activity

Increase in Employment

Decrease in Fuel 
Consumption

Increase in 
Transportation

Decrease in Pollution 
and Green-house gas 
Emissions

Investment in 
solar/Energy 
efficient 
technologies

2

3

1

2

3

Fig. 1. An example of that effect that investment has on transportation systems (TS), activity systems (AS), and environmental systems (ES).
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255 Note: the ‘ad’ is read as ‘adjoint’.
256 For the system defined by Eq. (13),
257

_x ¼ f ðxÞ þ
Xm

i¼1

giðxÞui where m is the dimension of control vector: ð13Þ
259259

260 The generalized controllability matrix ðCÞ can be written through Eq. (14) as follows:
261

C ¼ g1; g2; . . . gm; gi; gj

� �
; . . . adk

gi
; gj

h i
. . . f ; gi½ �; . . . adk

f ; gi

h i
. . .

j k
ð14Þ263263

264 where
265

g1 ¼
0
g21x1

0

2
64

3
75; g2 ¼

0
g22x2

0

2
64

3
75; g3 ¼

0
0
g33x3

2
64

3
75

267267

268

269 The Lie bracket of one of the elements in the controllability matrix is shown in Eq. (15).
270

f ; g1½ � ¼ @g1

@x
f � @f

@x
g1 ð15Þ272272

273 Substituting f ðxÞ and g1 into Eq. (15) yields Eq. (16).
274

f ; g1½ � ¼
0 0 0
g21 0 0
0 0 0

2
64

3
75

f 1

f 2

f 3

2
64

3
75�

@f 1
@x1

@f 1
@x2

@f 1
@x3

@f 2
@x1

@f 2
@x2

@f 2
@x3

@f 3
@x1

@f 3
@x2

@f 3
@x3

2
6664

3
7775

0
g21x1

0

2
64

3
75 ð16Þ

276276

277 Solving Eq. (16) by matrix multiplication results in Eq. (17).
278

f ; g1½ � ¼
0
g21f 1

0

2
64

3
75 �

@f 1
@x2

� �
g21x1

@f 2
@x2

� �
g21x1

@f 3
@x2

� �
g21x1

2
66664

3
77775 ð17Þ

280280

281 Later, performing the arithmetic calculations on Eq. (17) results in Eq. (18).
282

f ; g1½ � ¼

� @f 1
@x2

� �
g21x1

ðg21x1Þ � @f 2
@x2

� �
g21x1

� @f 3
@x2

� �
g21x1

2
66664

3
77775 ð18Þ

284284

285 The C matrix, including some elements, can be written as shown in Eq. (19).
286

C ¼ g1; g3; f ; g1½ �½ � ð19Þ288288

289 Substituting the values of g1; g3, and f ; g1½ � into Eq. (19) results in Eq. (20).
290

C ¼

0 0 � @f 1
@x2

� �
g21x1

g21x1 0 ðg21x1Þ � @f 2
@x2

� �
g21x1

0 g33x3 � @f 3
@x2

� �
g21x1

2
66664

3
77775 ð20Þ

292292

293 The determinant of Eq. (20) is calculated; the criterion is to prove that Eq. (21) holds true for C to be of Rank 3.
294

@f 1

@x2

� �
g21x1ð Þ2g33x3 – 0 ð21Þ

296296

297 Substituting f 1 in Eq. (21) yields Eq. (22).
298

a12x1x3 1� b1x1ð Þ g21x1ð Þ2g33x3 – 0 for x1 –
1
b1

ð22Þ300300

301 As a result, C has Rank 3 everywhere; hence, the system is controllable.
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302 4. Methodology

303 This section discusses the methodology and the numerical algorithm used in this research. The objective was to minimize
304 the cost function such that the investments were minimized. The solution of the problem could be found using the
305 Hamilton–Jacobi–Bellman Equation (Kirk, 2004). The current process is described by the state equation, and the problem
306 is to find an admissible control u� that causes the system in Eq. (23)
307

_xðtÞ ¼ aðxðtÞ;uðtÞ; tÞ ð23Þ309309

310 to follow an admissible trajectory x� that minimizes the performance measure, as shown in Eq. (24). To design the control
311 law, Eq. (24) is defined as
312

JðuÞ ¼ h x tf

� 	
; tf

� 	
þ
Z tf

to

gðxðtÞ;uðtÞ; tÞdt ð24Þ
314314

315 where h and g are specified functions, to and tf are fixed, and t is a dummy variable of integration.
316 Assume the cost function g takes the following form in Eq. (25). The objective is to minimize the cost function in Eq. (25)
317 to attain the desired state.
318

g xðtÞ;uðtÞ; tð Þ ¼ ðx1 � xf 1Þ2 þ ðx2 � xf 2Þ2 þ ðx3 � xf 3Þ2 þ u2
1 þ u2

2 þ u2
3 ð25Þ320320

321 subject to the constraints: u1 > 0; u2 > 0, and u3 > 0.
322 Let e1 ¼ x1 � xf 1

� 	
; e2 ¼ x2 � xf 2

� 	
, and e3 ¼ x3 � xf 3

� 	
, where e1; e2, and e3 represent the error with respect to values for

323 the initial and final states; x0f s are the desired (final) state of the system. Since investment always is positive, it cannot be
324 taken out of the system. Therefore, it is assumed that u1; u2, and u3, which represent investments, all are greater than zero.
325 As a result, the cost function in Eq. (25) becomes a constraint optimization problem.
326 Substituting the values for x1; x2, and x3 in terms of e1; e2, and e3 into Eqs. (1)–(3) changes to Eqs. (26)–(28).
327

f 1 ¼ _e1 ¼
dx1

dt
¼ a11ðe1 þ xf 1Þf1� b1ðe1 þ xf 1Þg þ a12ðe1 þ xf 1Þðe2 þ xf 2Þðe3 þ xf 3Þf1� b1ðe1 þ xf 1Þg ð26Þ

f 2 ¼ _e2 ¼
dx2

dt
¼ �a21ðe2 þ xf 2Þf1� b2ðe2 þ xf 2Þg � a22ðe1 þ xf 1Þðe2 þ xf 2Þðe3 þ xf 3Þf1� b2ðe2 þ xf 2Þg ð27Þ

f 3 ¼ _e3 ¼
dx3

dt
¼ a31ðe1 þ xf 1Þðe2 þ xf 2Þðe3 þ xf 3Þ þ bt

dx1

dt
þ ba

dx2

dt
ð28Þ329329

330 We define the Hamiltonian H with Eq. (29).
331

H eðtÞ;uðtÞ;pðtÞ; tð Þ ¼ g eðtÞ;uðtÞ; tð Þ þ pT ðtÞ½a eðtÞ;uðtÞ; tð Þ� ð29Þ333333

334 Substituting the values of g from Eq. (25), and _x from Eq. (8) into Eq. (29) yields Eq. (30).
335

H ¼ e2
1 þ e2

2 þ e2
3 þ u2

1 þ u2
2 þ u2

3 þ p1 p2 p3½ �
f 1ðeÞ
f 2ðeÞ þ g21 e1 þ xf 1

� 	
u1 þ g22 e2 þ xf 2

� 	
u2

f 3ðeÞ þ g33 e3 þ xf 3
� 	

u3

2
64

3
75 ð30Þ

337337

338 In order to design the optimal control, the necessary conditions that must be satisfied are represented by Eqs. (31)–(34)
339 (Kirk, 2004).
340

_e�ðtÞ ¼ @H
@p
ðe�ðtÞ;u�ðtÞ;p�ðtÞ; tÞ ð31Þ

_p�ðtÞ ¼ � @H
@e
ðe�ðtÞ;u�ðtÞ;p�ðtÞ; tÞ ð32Þ

0 ¼ @H
@u

e�ðtÞ;u�ðtÞ;p�ðtÞ; tð Þ ð33Þ

@h
@e
ðe�ðtf Þ; tf Þ � p�ðtf Þ


 �T

def þ H e�ðtf Þ;u�ðtf Þ;p�ðtf Þ; tf
� 	

þ @h
@t
ðe�ðtf Þ; tf Þ


 �
dtf ¼ 0 ð34Þ

342342

343 Now, let us consider the boundary conditions specific to the proposed policy scenario. It is assumed that the final time is
344 fixed and the desired state is specified. Since xðtf Þ and tf are specified, def ¼ 0 and dtf ¼ 0, which satisfy Eq. (34). To get
345 the optimal control, the partial derivative of the Hamiltonian with respect to the control variable is taken and equated to
346 zero, as shown in Eq. (33). This can be converted to individual equations, as given by Eq. (35).
347

@H
@ui
¼ 0; where i ¼ 1;2;3 ð35Þ349349

350 Substituting the value of H from Eq. (30) into Eq. (35) results in Eqs. (36)–(38).
351

P. Maheshwari et al. / Transportation Research Part C xxx (2015) xxx–xxx 7

TRC 1266 No. of Pages 13, Model 3G

2 April 2015

Please cite this article in press as: Maheshwari, P., et al. Development of control models for the planning of sustainable transportation sys-
tems. Transport. Res. Part C (2015), http://dx.doi.org/10.1016/j.trc.2015.03.024

http://dx.doi.org/10.1016/j.trc.2015.03.024


@H
@u1
¼ 2u1 þ p2:g21 e1 þ xf 1

� 	
¼ 0 implies u1 ¼ �

p2:g21: e1 þ xf 1
� 	
2

ð36Þ

@H
@u2
¼ 2u2 þ p2:g22 e2 þ xf 2

� 	
¼ 0 implies u2 ¼ �

p2:g22: e2 þ xf 2
� 	
2

ð37Þ

@H
@u3
¼ 2u3 þ p3:g33 e3 þ xf 3

� 	
¼ 0 implies u3 ¼ �

p3:g33: e3 þ xf 3
� 	
2

ð38Þ353353

354 As evident from Eqs. (36)–(38), control variables are dependent on many other variables. To solve them, Eqs. (30) and (31)
355 are utilized; the results are shown in Eqs. (39)–(41).
356

@H
@p1
¼ f 1ðeÞ ¼ _e�1 ð39Þ

@H
@p2
¼ f 2ðeÞ þ g21ðe1 þ xf 1Þu1 þ g22ðe2 þ xf 2Þu2 ¼ _e�2 ð40Þ

@H
@p3
¼ f 3ðeÞ þ g33ðe3 þ xf 3Þu3 ¼ _e�3 ð41Þ

358358

359 Additionally, Eqs. (30) and (32) are combined to get Eqs. (42)–(44).
360

� @H
@e1
¼ 2e1 þ p1:f1� 2b1ðe1 þ xf 1Þg:fa11 þ a12ðe2 þ xf 2Þðe3 þ xf 3Þg � p2:a22ðe2 þ xf 2Þðe3 þ xf 3Þ:f1� b2ðe2 þ xf 2Þg

þ p2:g21u1 þ p3:½a31ðe2 þ xf 2Þðe3 þ xf 3Þ þ bt:f1� 2b1ðe1 þ xf 1Þg:fa11 þ a12ðe2 þ xf 2Þðe3 þ xf 3Þg
� baa22ðe2 þ xf 2Þðe3 þ xf 3Þ:f1� b2ðe2 þ xf 2Þg� ¼ _p�1 ð42Þ362362

363

� @H
@e2
¼ 2e2 þ p1:a12ðe1 þ xf 1Þðe3 þ xf 3Þf1� b1ðe1 þ xf 1Þg � p2:f1� 2b2ðe2 þ xf 2Þg:fa21 þ a22ðe1 þ xf 1Þðe3 þ xf 3Þg

þ p2:g22u2 þ p3:½a31ðe1 þ xf 1Þðe3 þ xf 3Þ þ bta12ðe1 þ xf 1Þðe3 þ xf 3Þ:f1� b1ðe1 þ xf 1Þg
� baf1� 2b2ðe2 þ xf 2Þg:fa21 þ a22ðe1 þ xf 1Þðe3 þ xf 3Þg� ¼ _p�2 ð43Þ365365

366

� @H
@e3
¼ 2e3 þ p1:a12ðe1 þ xf 1Þðe2 þ xf 2Þ:f1� b1ðe1 þ xf 1Þg � p2:a22ðe1 þ xf 1Þðe2 þ xf 2Þ:f1� b2ðe2 þ xf 2Þg

þ p3:½a31ðe1 þ xf 1Þðe2 þ xf 2Þ þ bta12ðe1 þ xf 1Þðe2 þ xf 2Þ:f1� b1ðe1 þ xf 1Þg
� baa22ðe1 þ xf 1Þðe2 þ xf 2Þ:f1� b2ðe2 þ xf 2Þg� þ p3:g33u3 ¼ _p�3 ð44Þ368368

369 To solve the system of equations defined by Eqs. (36)–(44), numerical techniques are used. One such algorithm is explained
370 in Section 4.1.

371 4.1. Numerical algorithm

372 The above system of equations can be solved using the steepest descent method to find the optimal controls and tra-
373 jectories. This basic algorithm is based on the gradient technique (Moss and Kwoka, 2010), which was implemented on
374 MATLAB (Wang, 2009). The key steps of the proposed algorithm are described below.
375 Step 1.Subdivide the interval ½t0; tf � into N equal sub-intervals, and assume a piecewise-constant control
376 uð0ÞðtÞ ¼ uð0Þ tkð Þ; t 2 ½tk; tkþ1�; k ¼ 0;1;2; . . . :N � 1.
377 Step 2. Apply the assumed control uðiÞ to integrate the state equations from t0 to tf with initial conditions e t0ð Þ ¼ e0, and
378 store the state trajectory eðiÞ.
379 Step 3. Apply uðiÞ and eðiÞ to integrate co-state equations backward, i.e., from ½tf ; t0�. The ‘initial value’ pðiÞ tf

� 	
can be

380 obtained by Eq. (45).
381

pðiÞ tf
� 	
¼ @h
@e

pðiÞðtf Þ
� 	

ð45Þ383383

384 Then, evaluate @HðiÞðtÞ
@u ; t 2 ½t0; tf � and store this vector.

385

Step 4: If
@HðiÞ

@u

�����
����� 6 c and

@HðiÞ

@u

�����
�����

2

¼
Z tf

t0

@HðiÞ

@u

�����
�����

" #T
@HðiÞ

@u

�����
�����

" #
dt ð46Þ

387387

388 then, stop the iterative procedure. Here, c is a pre-selected small positive constant used as a tolerance. If Eq. (46) is not satis-
389 fied, adjust the piecewise-constant control function by using Eq. (47).
390
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uðiþ1Þ tkð Þ ¼ uðiÞ tkð Þ � s @HðiÞ

@u
tkð Þ; k ¼ 0;1;2; . . . :N � 1 ð47Þ392392

393 Later, replace uðiÞ by uðiþ1Þ and return to Step 2. Here, s is the step size.
394 The parameters values; g21; g22, and g33, are obtained based on the following information. For calculating g21, results are
395 used from the econometric model by Pozdena (2009). The study found that VMT is a major driver of GDP in the short run
396 rather than the long run. Subsequently, research indicated that a 1% change in VMT per capita resulted in a 0.9% change
397 in GDP per capita within two years, and a 0.46% change in 20 years.
398 For calculating g22, a regression model was studied based on the relationship between life expectancy and GDP per capita
399 (Statistical Consultants Ltd, 2010). The study highlighted functions that increase at a decreasing rate, including multiplica-
400 tive (hyperbolas) and logarithmic functions. The regression output, shown in Eq. (48), was estimated based on data for coun-
401 tries with a life expectancy of at least 40.
402

y ¼ 75:49� 48;270
xþ 1200

þ 0:0001401x ð48Þ404404

405 where y is the life expectancy at birth and x is GDP per capita in purchasing-power parity. The model fits quite well to the
406 data, with the R2 value equal to 75.9%. This represents a fairly good model for estimating purposes.
407 The details for calculating g33 are discussed below. Research shows that today, hybrid gas-electric engines can cut global
408 warming pollution by one third or greater. If automakers use the existing technology to raise fuel-economy standards for
409 new cars and light trucks to a combined 40 mpg, CO2 pollution ultimately would drop by more than 650 million tons per
410 year (Natural Resources Defense Council, 2005). According to Morrow et al. (2010), transportation taxes, the most effective
411 policy, could reduce the annual GHG emissions in the U.S. to only 7% below year 2005 levels by the year 2020. The primary
412 reason is due to the faster growth in population and income per capita than in GHG emissions reduction. The new standards
413 for fuel economy of conventional vehicles (passenger cars) is expected to increase from 30 mpg to 40 mpg from 2010 to
414 2030. During that same period, the GHG emissions are expected to decrease by more than 10%, based on the most effective
415 policy (Morrow et al., 2010).

416 5. Results and analysis

417 We computed the investment profile over time, which optimizes the given objective function. An increasing demand
418 worldwide for investment in fuel-efficient technologies was taken into account in the objective cost function. The idea
419 was to minimize the error, representing the difference between the values for the initial state and the final state such that
420 the desired levels of respective states – TS, AS, and ES – could be attained and maintained. The case illustrated in this
421 research was for fixed time. Fig. 2 shows the evolution of error over time, with red, green, and blue curves showing the trends
422 for error in TS, AS, and ES, respectively. The x axis represents the years starting from 1990 until 2050, and the y axis repre-
423 sents the error. It is evident that for the 60-year period, such control functions were defined that enable the system to
424 approach its desired state. In particular, TS and AS were able to attain the desired states. In the current context, which
425 was treated as a closed system, it was observed that any investment in ES would not contribute towards its improvement.
426 However, the control designed in this research limited the degradation of ES by placing appropriate controls on TS and AS.
427 Fig. 3 shows the evolution of control over time in the last iteration. The x axis represents time in years, and the y axis
428 displays the value of the control variable. The red, green, and blue curves represent the final control profiles for u1; u2,
429 and u3, representing TS, AS, and ES, respectively. The initial control profiles are given by Eq. (49), and final control profiles
430 are shown in Fig. 3.
431

u1 ¼ 0:90 � sin
np
tf

� �
þ 0:90; u2 ¼ 0:90 � sin

np
tf

� �
þ 0:1; and u3 ¼ 0 ð49Þ

433433

434 where n ¼ 1;2 . . . :60, and tf ¼ 60.
435 As evident from Fig. 3, substantial investments were made initially to jump start the economy; later, the amount of
436 investment decreased over time. However, at a certain time in the future, the AS had to be replenished with investments
437 to sustain the economic balance.
438 The value of the performance measure as a function of the iteration number is shown in Fig. 4. The x axis represents the
439 iteration number, and the y axis denotes the cost. The system is highly nonlinear in nature; hence, getting a reasonable solu-
440 tion for such a system was extremely difficult. However, a convergence towards the solution was achieved as the number of
441 iteration increased. It was evident that the system was able to converge, and the cost function was minimized for these con-
442 ditions. The control variable u denotes the amount of investments. Different control functions can have different costs asso-
443 ciated with them. So, in the objective function we provide different weights to control variables to match the actual costs.
444 This implies that we are minimizing those costs too. Hence, the solution obtained already takes into account the cost for dif-
445 ferent actions. (For example, cost of using environmentally friendly methods of electricity production versus the cost costs of
446 producing electricity by conventional methods.)
447 Overall, the results showed the investment profiles representing TS, AS, and ES respectively over time (Fig. 3). It indicated
448 that initially substantial amount of investments had to be made in AS. Subsequently, the investments decrease over time. In
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449 the meantime, the TS can grow with the AS. However, due to the decline in investment activity, at some point in time
450 (around 40 years in Fig. 3), the AS has to be replenished again, i.e. fresh investments needs to be made into the system to
451 sustain the economic balance. Additionally, the results also showed that the cost function is minimized which implies that

Fig. 2. Evolution of error over time.

Fig. 3. Evolution of control over time.

Fig. 4. Cost over iterations.
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452 the system can reach to the desired state by incurring minimal costs (Fig. 4). The framework will be useful to decision makers
453 to identify the type of investments that minimize their costs over time. In addition, the approach will be helpful to decision
454 makers to choose appropriate projects based on the benefit-cost analysis while incorporating sustainability considerations.

455 6. Conclusions and recommendations

456 This research focused on the use of optimal control theory for policy design in the context of sustainability. To achieve
457 this, a macroscopic system was analyzed consisting of three states: transportation, activity, and environment systems.
458 Later, a dynamic model for the planning and development of sustainable transportation systems was developed, given by
459 three nonlinear differential equations representing the dynamics of the three independent states. A policy scenario regarding
460 investment in energy-efficient technologies and their effects on the states was developed to make investment decisions. The
461 technique presented in this paper was modular; therefore, multiple simulations, iterations, and runs could be performed,
462 depending on the values of the desired states and the time period under study. Optimal control techniques were used to
463 design the controls with the desired final state and time.
464 Overall, this research developed a macroscopic framework for modeling as well as control design to help decision makers
465 in making appropriate kind of investments. Through this framework, the decision makers can design multiple projects and
466 evaluate them based on benefit-cost analysis. For example, in the current research the effect of investments in solar/energy
467 efficient technologies was studied and analyzed. The results demonstrated that it is possible to formulate an optimal control
468 to achieve the desired target. The numerical results were based on actual parameters, and provided the long-term trends of
469 the states. This methodology will be helpful to policy makers in developing optimal decisions. The optimal control design
470 shows how to perform the investment in various projects. One example is to find out the optimal investment in solar/energy
471 efficient technologies as in this paper. Another would be to help us compare different projects and choose the best. The pro-
472 jects could be (a) expanding a lane on the road, or (b) investing in building charging stations for electric vehicle, or (c) invest-
473 ing in wind turbines, etc. The methodology presented in this paper is helpful to decision makers to anticipate the amount of
474 investments needed in the future for a particular project. The contribution of this research work was the introduction of a
475 systems and controls methodology for developing optimal policies in the design of sustainable systems. A novel approach
476 was developed by means of macro-level modeling that could be translated into decision making at the micro-level.
477 Moreover, to understand the control dynamics of components of individual sub-systems, or to study microscopic systems,
478 such tools as System Dynamics and NetLogo have been widely used in prior research. These tools are classic examples in
479 multi-agent modeling. The importance of such multi-agent models has attracted researchers and institutions from all over
480 the world. In addition, research focusing specifically on their applications has gained significant attention in recent years.
481 These models are widely used in many fields, including epidemiology, biology, life sciences, social sciences, networks,
482 humanities, and engineering.
483 One of the potential recommendations of this research is to delve deeper into the dynamics of the individual sub-systems
484 and understand their effects on decision making. This can enhance understanding of such systems from a micro-level per-
485 spective and provide future direction to design optimal policies.
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